If HomR(A,T) = 0 implies that A = 0 for all Ä-modules A, then the Ä-module T is a test module. The ring R is said to be a TC-ring if every test module is a cogenerator. If 5 is a simple module over a TC-ring then EndR E(S) is a local semifir. A commutative ring R is a TC-ring if and only if Ru is a P.I.D. for all maximal ideals M of R.
(i) every test module is a cogenerator; (ii) for all simple modules S, E(S) is contained in every nonzero factor of E(S).
A ring satisfying conditions (i) and (ii) in Theorem A is called a TC-ring. Let R be a TC-ring, S a simple /?-module and set E = E(S). Some of the properties of E which follow easily from Theorem A are set out in the following two lemmas. Lemma 1. Let A be a nonzero factor module of E. Then the following assertions are true:
(i) the socle of A is a direct sum of copies of S and A is an essential extension of its socle;
(ii) if the socle of A is isomorphic to Sk for some integer A > 0, then A ~ Ek ;
(iii) /// G End^f and f # 0 then f is onto;
(iv) if S' is another simple R-module such that S sfc 5", then HomR(E, E(S')) = 0.
Proof. Property (i) was noticed in [1] and is a simple consequence of condition (ii) in Theorem A. Now assume that the socle of A is Sk for some A > 0. Since A contains E we have A = E ® A' and A' ¥* 0 if k > 1. Since A' is again a factor of E it has, in turn, a summand isomorphic to E if A > 1. Continuing this we obtain A « E . Next, let /G EnâRE,f =£ 0. Then f(E) Q E and f(E) contains a copy of E. Since E is indecomposable, f{E) = E. Finally (iv) is immediate from (i).
We remark that in view of (iv) in Lemma 1 the ' cofinitely ' generated modules over a TC-ring split into their ' homogeneous' components. For the details the reader is referred to [ By a local ring we mean a ring with a unique maximal (left) ideal.
Proposition
3. The ring of endomorphisms Q of E is a local semifir i.e. Q is a local domain and every finitely generated {left) ideal of Q is free. (ii) RM is a P.I.D. for all maximal ideals M of R;
(iii) every nonzero factor module of E(R/M) is isomorphic to E(R/M) for all maximal ideals M of R.
Proof. The implication (iii) => (i) is clear and the equivalence of conditions (ii) and (iii) is a special case of the Corollary in [3] .
Assume (i) and let M be a maximal ideal of R. Set E = E{R/M). Then E is, in a natural way, an RM module and it is the Ä^-injective envelope of the only simple RM module R/M at RM/RM M. Then RM is also a TC-ring by (ii) of Theorem A. In other words we may assume that R is a local ring with maximal ideal M. Then £ is a cogenerator and we may assume that R is a subring of EndÄ E. Hence R is a domain by Proposition 3. Let/, g GR. We want to show that either RfDRg or Rg DRf. We may assume that fg # 0. If Ker/n Ker g were irredundant then E = Ker/ + Ker g by Lemma 2. But Ker/gD Ker/+ Ker g and fg =£ 0. Therefore either Ker /DKerg or Kerg DKer/ Next, the fact that E is the minimal injective cogenerator implies that Ann^ Ann£ L = L for all License or copyright restrictions may apply to redistribution; see https://www.ams.org/journal-terms-of-use
